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THE  BIREFRIBGENT  FILTER 


ABSTRACT 


The  ‘basic  principles  of  birefringent  filter  operation  are 
■briefly  discussed  and  references  given  to  papers  which  discuss  the 
theory.  Off-axis  effects  are  investigated  as  veil  as  field  of  view 
llnltatlons,  end  cathode  for  extending  the  field  of  vie-*  aro  con¬ 
sidered,  Tho  3plit  decent  filter  is  described;  it  uses  only  half 
as  mny  polar! sers  as  a  conventional  filter,  after  tho  first  polar¬ 
isation.  ‘tfavo  length  adjustment  possibilities  aro  evaluated  for 
conventional  and  split  element  filters.  The  usefulness  of  various 
crystal  materials  is  mentioned  0  Finally,  tho  polarisation  inter- 
fercoeter  is  discussed  as  o,  way  of  accctplishing  the  narrow-band 
transcd33ion  of  on  iqpcssibly  thick  blrofrihgont  filtor  element. 
Several  possible  forms  of  interferometer  are  mentioned.' 
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I.  BASIC  BIREFHIKQEKT  FILTER  DESIGSS 

L 

I  A.  Introduction 

A 

During  the  past  few  years  the  birofrlngent  filter  has 
proved  an  affective  tool  in  astronooical  research*  Its 
utility,  however,  is  not  confined  to  astronomy  and  the 
purpose  of  the  present  paper  is  partly  to  bring  it  to  the 
attention  of  investigators  in-  other  fields. 

Briefly,  the  MrefTingent  filter  serves  the  purpose  of 
a  monochromator  over  an  exten£<*d  field*  It  can  be  designed 
to  transmit  a  wave  length  band  of  any  desired  width  (down  to 
a  fraction  of  an  angstrom)  centered  at  any  selected  wave 
length.  It  is  used  very  much  like  au  ordinary  glass  or 
gelatin  filter  in  either  a  collimated  cr  a  converging  beam 
of  light,  bat  with  some  limitation  in  field  slue  or  focal 
ratio,  depending  an  type  of  construction,  material,  and  band 
width* 

\ 

The  invention  of  the  blrefringeut  filter  is  one  of  the 
many  Important  contributions  of  the  French  astronomer, 
Bernard  Lyot*-*,  in  Instrumental  astronomy.  He  first  pub- 
'  lisfced  the  basic  principles  of  its  operation  in  1933. 

flbman^*  independently  invented  the  filter,  and  in  1938  con— 
f  structod  t he  first  one  to  be  used  for  solar  observations, 
with  a  transmission  band  about  40  angstroms  wide  centered  on 
the  H  aline.  With  it  he  succeeded  In  seeing  and  photo* 
graphing  the  brighter  prominences,  although  it  was  evident 
tnat  a  mush  sharper  band  would  be  necessary  for  the  best 
results. 

In  a  later  paper  Lyot^*  has  given  a  very  complete  dis¬ 
cussion  of  the  history,  theory,  and  construction  of  bire- 
frlngent  filters.  For  the  benefit  of  readers  to  whom  his 
papers  are  not  readily  available,  the  present  paper  reviews 
enough  of  the  elementary  theory  to  suffice  for  the  design 
of  filters  of  any  feasible  characteristics .  The  remainder 
of  the  paper  is  a  discussion  of  newer  developments  which 
serve  to  simplify  the  construction  of  the  filters  and  extend 
their  field  of  usefulness. 

B.  The  Simple  Blrafrlngent  Filter 

Several  forms  of  the  Mrefrlngerrt  filter  are  possible, 
differing  in  width  of  field  and  cocplexity  of  construction. 
They  all  depend,  however,  on  the  Interference  of  polarised 
light  transmitted  through  layers  of  birefMngent  crystal  in 
the  direction  perpendicular  to  the  plane  of  the  optic  ax>>3, 

'} 

* 
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If  the  crystal  is  biaxial,  or  any  direction  perpendicular  to 
the  optic  axis  if  the  crystal  is  uniaxial* 


Since  we  can  regard  the  uniaxial  crystal  as  a  degenerate 
biaxial  crystal,  most  of  the  following  discussions  will  con¬ 
sider  only  the  biaxial  case.  Let  €  and  w  be  the  extraordinary 
aid  ordinary  indices  or  refraction  of  any  uniaxial  crystal 
and  a,  £,  y  be  the  smallest,  intermediate,  and  greatest 
principal  indices  of  refraction  of  a  biaxial  crystal,  respec¬ 
tively.  Any  expression  for  a  biaxial  crystal  is  valid  for  a 
uniaxial  crystal  if  one  of  the  following  substitutions  is 
madet 


p  -  , 

Y  •  € 

if 

€  -  >  0 

P  »  <A>  , 

y  «  (1) 

if 

€  -  to  <  0 

Unless  otherwise  specified  the  directions  of  vibration 
■jL  light  tar  which  the  refractive  indices  are  a,  0  and  y 
will  be  referred  to  as  the  a -axis,  P-ccsds  and  Y-axis* 

Tie  quantity /*  is  defined  by 
y6*  «  Y  -  a 

The  term  :{rstardation"  vill  be  used  to  indicate  a  path  dif¬ 
ference  in  terms  of  wave  lengths. 

Tor  brevity,  the  direction  of  vibration  of  light  trans¬ 
mitted  by  a  polarizer  (prism  or  film)  will  be  referred  to  as 
the  axis  of  the  polarizer. 

Consider  a  block  of  some  bircfrlngent  crystal,  bj  in 
Figure  1,  cut  with  its  surfaces  normal  to  its  p -axis.  Let 
light  plane  polarized  at  an  angle  of  45°  to  the  c-exLa  enter 
the  crystal  along  the  p-axis.  In  the  eiystel  the  light  divides 
into  two  component?  polarized  with  vibrations  pmilol  to  the 
a  aid  r  -asses,  travelling  with  different  velocities,  a  and  ^ 
On  emerging  from  the  crystal  the  two  component 3  have  therefore 
a  relative  retardation  of  i^;,  given  by? 

nf  $Ll  a* 

•  h  - 

where  o  ia  the  thickness  of  the  crystal  in  the  P  directed, 
and  a  ia  the  wave  length  of  the  light. 


If  new  the  light  traverees  a  polarizer,  p^,  (whioh  may 
to  either  a  Ilicol  or  similar  prism,  or  a  fila  polarizer)  with 
its  axis  parallel  to  the  vibration  plana  of  the  entering  light, 
the  fcwo  components  interfere*  The  transmission,  Tt»  of  the 
b^,  pi  combination  is* 


r, 


QOePffTOtl 


(2.2) 


If  white  light  traverses  the  combination,  the  spectrum 
of  the  emergent  light  consists  of  regularly  spaced  alternate 
bright  and  dark  bands  at  wave  lengths  where  it  alternately 
integral  and  half  integral.  The  transmission  as  a  function 
of  wave  length  is  represented  by  curve  a.  Figure  2. 


The  wave  length  interval  between  successive  bright  bonds 
is  inversely  proportional  to  the  thickness  of  the  crystal. 

It  la  given  approximately  by  setting  an  B  1  in  the  equation: 


AA 


ah 

n 


1 


A  dV* 


1 


(2.3) 


Ue  now  edd  a  second  crystal*  bg,  and  a  polarizer  P2  oriented 
parallel  to  bp  0J3^  Pl»  I-  d2  "  ^1>  the  transmission  of  the 
bg^  P2  combination,  represented  by  carve  b  figure  2,  is* 

7^«  ces^rn2  *  coe^1T2m  (2.4) 


The  transmission  of  the  whole  ascocbly,  b^,  bg,  P2y 
chova  in  crurve  c.  Figure  2,  is  therefore*: 

Ti-  cos'*  7*1  CO  a^TTan^  (2.5) 

A  third  crystal  element  bj,  with  d-  s  2d^,  followed  by 
the  polarizer,  P3,  has  individual  transmission  shown  in 
curva  d.  The  transmission  of  the  assembly,  bj.  to  P3,  is 
then  represented  by  curve  o.  Figure  2. 

It  Is  evident  that  further  crystal  elements  and  polarizers 
can  be  eddod.  The  result  is  the  basic  type  of  birefringent 
filter  which  will  be  termed  the  sizple  filter.  It  is  comprised 
of  a  series  of  unite,  each  consisting  of  a  plane  parallel  Mre~ 
fringent  element,  (b-elecent)  followed  by  a  polarizer.  All 
b-elanent3  have  surfaces  normal  to  their  P-a zee  and  ore 
mounted  with  their  a -exes  parallel.  All  polarizers  have 
their  axes  parallel  to  the  vibration  plane  of  the  entering 
polarized  light  at  45°  to  tho  a -axes.  The  thickness  of  the 
Ath  b-elenent  is  such  that 

nA  s  (2.6) 


5  - 


The  spectrum  of  light  transmitted  by  the  filter  consists  of 
a  series  of  widely  spaced  narrow  hands.  Their  separation  is 
equal  to  ihe  c operation  of  the  transmission  of  the 

thinnest  element  alone,  vhile  their  effective  width  is  the 
half  width  of  the  maxima  of  the  thickest  element  alone*  For 
polarised  entering  light,  the  transmission  of  a  filter  of  £ 
b-elements  (neglecting  absorption  in  tho  material  of  the 
filter)  is* 


T-  ccs^irim  •  •  *  cos2^  (2.7) 

The  quantity  must,  cf  coarse,  be  &n  integer  at  the  wave 
length  of  the  desired  transmission  bond.  Its  magnitude 
should  be  small  enough  to  separate  the  adjacent  hands  suf¬ 
ficiently  to  permit  the  Isolation  of  the  selected  band  by 
means  of  ordinary  filters. 

It  can  readily  be  shown  that  the  total  transmission  of 
flux  in  an  equal  energy  spectrum  is  2“A  Regardless  of  the 
width  and  separation  of  the  bands,  the  total  residual  flux 
transmitted  between  successive  principal  maxima  in  a  filter 
with  £>  3  is  a  eubstantlallv  constant  fraction  v about  0.11) 
of  the  flux  transmitted  in  a  single  band. 

The  filter  at  the  Climax,  Colorado  rtaMor  of  the  High 
Altitude  Observatory  of  Harvard  University  tVijd  the  University 
cf  Colorado  has  been  In  satisfactory  operation  in  the  obeiar- 
▼atioo  of  solar  prominences  sines  eerly  1943.  It  is  a 
simple  filter  of  six  quarts  elements  with  n?  X  23,  tu  «  736, 
dv  x  1.677  sm  and  d*  a  53.658  m  and  has  a  transmission  banci 
of  effective  width  4.1  angetrens  cantered  on  the  H  a  line 
of  hydrogen  (A. 6563)  at.  an  operating  temperature  of  35.5°  C. 
Its  purpose  is  to  eliminate  the  overpowering  scattered  light 
(continuous  spectrum)  near  the  limb  of  the  sun  while  still 
transmitting  the  E  a  omission  from  the  nraminsnees,  vW«*> 
are  otherwise  cocolotelv  invisible . 


In  practice,  a  filter  should  either  be  cemented  or  im¬ 
mersed  in  oil  to  avoid  multiple  reflections.  Initial 
polarisation  is  usually  obtained  by  mounting  a  polarizer  in 
front  of  the  first  b-eleaent  with  its  axis  parallel  to  the 
axes  of  the  other  polarizers. 

In  any  birofiringent  crystal  both  the  geooetried  dimen¬ 
sions  and/* are  functions  of  teeperature.  The  result  is  a 
m*>n  shift  in  the  wave  lengths  of  the  transmission  maxima 
when  the  temperature  changes.  In  quartz,  fee  Instance, 

—  -  0,66  angstrom  per  degree  csntigxnde  in  the  red, 

AT 
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Hence  the  oanparature  of  the  filter  jaist  be  controlled  with 
sufficient  accuracy  to  keep  the  ra*gbi”Tn  excursions  of  wave 
length  within  tolerable  limits.  A  total  range  of  two  tenths 
of  the  effective  bend  width  is  mail  enough  for  moat  pur¬ 
poses. 

C.  agLfeSte^EgtgjR  SMS.,.^cfB 

It  is  evident  that  when  light  traverses  a  ?’*ple  filter 
at  an  angle  to  the  irstriroirtal  axis,,  the  li^ht  noth  through 
the  Mrefringent  material  and  the  velocity  differsmee  of  the 
fast  and  slow  waves  are  altered.  Thu  ~ffoct  ie  sia^ply  to 
altar  the  value  of  n^  in  equation  (2,7) » 

Lyot  has  calculated  the  off  axis  effect  for  light  incident 
in  the  two  principal  places  normal  tc  the  a  ard  y  -axes  In 
'  a  biaxial  crystal  cut  with  its  surfaces  normal  to  the  p~xri.a. 
Although  the  equations  are  set  enact,  since  terms  of  the 
fourth  and  higher  degrees  in  0  (the  angle  of  incidence)  are 
neglected,  the  appreciation  is  excellent  for  the  moderate 
orgies  of  incidence  encountered  in  tho  uso  of  filters. 

Lyot’s  equations  can  be  very  glxcgfty  generalized  to  give 
the  off  axis  effects  for  light  incident  in  any  plane  normal 
to  the  surface  of  the  crystal  (and  parallel,  therefore,  to 
the  p-axia)  .  Figure  3  represents  a  Hock  of  biaxial  crystal 
with  its  a,  p  end  y-ozEO  in  the  directions  indicated.  Let 
polarised  light  with  vibrations  in  a  piano  at  45°  to  the 
a  -exlo  enter  the  crystal  in  tho  direction  (0,  0).  Core  0 
is  tho  angle  of  incidence  and  0  is  the  azimuth  of  the  in?" 
cidsnt  plane  measured  Iren  ths  a -axis.  The  llgh*  emerges 
from  the  crystal  in  the  direction  (0 , 0)  in  two  polarized 
components  with  vibrations  very  closely  parallel  to  the  a 
and  Y-GXE3.  They  have  a  relative  retardation,  n,  which  is 
to  be  determined  as  a  function  of  0,  0  ,  and  Hq  (whore  1q 
is  tho  retardation  for  light  entering  the  crystal  from  the 
direction  0*  0). 

A  consideration  of  the  lsochrooatle  surfaces  of  biaxial 
crystals  4*  lauds  tc  tho  conclusion  that  the  equations  of  tho 
curves  of  constant  retardation,  a,  (written  in  terms  of  fS  and 
0 )  represent  hyperbolae  if  toms  in  tho  fourth  and  higher 
powers  of  0  are  neglected.  Their  transverse  axes  a re  along 
the  a  -axis  for  ^  ^  1  and  along  the  y  -axis  for  ^  £  1 

for  crystals  in  which  a  y  -f  '  ^  1.  The  asymptotes  aro  the 
lines 

tan?  e  -  JL  (3.1) 

r 


-  3  - 


J 

\ 


Flgur.-e  3*  Off  axis  it*  the  oi^netel  erxxrdimt©  ?x/flten4 


Lyot's  equations  give  the  squares  of  the  sesd^traneveree  acorn, 
which  ares 


0  *•  fg^  -  1)  £  In  the  plane  ©  s  0 

(§3  -  1)  5  In  the  plane  0  x  J 


($.2) 


-.there 

k .  ffL 

2  (ymx)  p2 


(3.3) 


Ve  have,  therefore,  sufficient  information  to  dfdasnsste*  hath 
eete  of  hyperbolae,  which  can  be  represented  by  a  single 
equations 


n  s  =0  [l  ♦  02  k  (ssia. 


(3.4) 


The  ejEict  expression  for  n  in  uniaxial  crystals  ia  readily 
derived  by  a  straightforward  application  of  Huygens'  principle 
and  analytic  geometry.  Consider  a  plans  parallel  uniaxial 
crystal  in  &  rectangular  x,  y,  a  ooordisata  system  with  the 
origin  in  the  first  surface.  Let  it  be  oriented  with  its  our* 
faces  normal  to  the  s-exls.  Let  the  x>oxia  be  parallel  to  the 
crystal  optic  axle  (l.e.,  parallel  to  the  a-ttxHt  In  negative 
crystals  or  to  the  y-axis  In  positive  crystals).  Choose  ubit* 
of  tins  and  distance  to  sake  the  velocity  of  light  in  space 
unity.  The  equation  of  an  entering  plane  light  wave  is  then* 


ax  +  by  ♦  os  »  t  •  0 


(3,5) 


where  a,  bf  and  o  are  the  direction  cosines  of  the  normal  to 
the  wave  front  and  t  is  tee  time. 


As  the  wavs  passes  the  origin  in  entering  the  oryctel  it 
initiates  &  secondary  wavelet  which  espords  into  an  ellipsoid 
with  the  equation » 

C  -  i2  st  0  (3*6) 

where  £$  *\  and  vare  reciprocals  of  the  velocities  along  the 
x,  y  end  a  directions,  reepectivaly. 


At  a  given  instant,  that  portion  of  the  p2Utr,a  *%-»%>  which 
is  inside  the  crystal  coincides  with  a  plane  tangent  to  the 
ellipsoid  of  equation  (3 ,6)  cad  containing  ill©  Hu©  of  inter¬ 
section  of  the  plane  wave  of  equation  (3,5)  with  rhe  first 
Buii'ace  of  the  crystal  (i.e,,  the  plan?  «  s  0).  The  te-igoat 
plane  through  the  point  (xj.,  y-, ,  a^)  on  the  f  Jipsold  is 


•<i  C2-  ’•  yi-Vv  1  *jva* 


«•  0; 


(3, 


?) 


The  lines  of  intersection  of  the  planes  of  equations  (3.5) 
aad  (3,7)  with  the  first  surface  of  the  crystal  are  respec- 


tivelyj 

ax  +  by  -  t  *  0, 

S  >  0 

(3.8) 

and 

0 

-  t  •»  0,  %  *  0 

(3.9) 

These  two  lines  roust  coincide. 

Hence: 

<*  -  *.  t 

1  u 

71 '  -p* 

(3.10) 

Since  2^  must  be  a  point  on  the  ellipsoid  of  equation  (3.6), 

we  find  for  si:  . . . . . . . . . 

„  t  /  a2  ^2 

*17  1 1-p  ys  (3.n) 

Equations  (3.10)  and  (3.11)  define  the  path  of  a  ray  through 
the  origin. 

Let  d  be  the  thickness  of  the  crystal  in  the  a  direction. 
The  tiros,  %,  when  a  ray  through  the  origin  reaches  the  second 
surface  is,  then: 

<U  -  —  (3.12) 

V*  "  fr“Tpr 

On  emerging  from  the  crystal  the  plane  wave  is  parallel 
to  the  entering  wave,  with  tha  equation: 

ax  +  by  +  cs-  (t  -  A )  “  0  (3.13) 

At  tioe,  tj,  this  plane  roust  contain  the  point  {*1  ,  yi,  d)» 
Hence 

♦ 

A*»  -  (ax^  +  hy^  +  cd) 


The  distance,  p,  of  the  plane  wa'  a  of  equation  (3.13)  from 
the  origin  is  therefore: 


pot  -  A  "  t  -  t^  +  ♦  by,  +  cd 


(3.14) 


v~ 


or,  tram  equations  (3.10)  '-nd  (3.12)* 

p  .  t-.  [rfittl-o] 

How,  for  the  extraorxiinary  wave 
r  =  W,  ^  a  y  *  € 
and  for  the  ordinary  wave 

jf  *  j?  *  y  *  <«) 


Hence,  the  distances  of  the  extraordinary  and  ordinary  waves 
frcE  the  origin  after  their  traversal  of  the  crystal  can  be 
written,  respectively* 


Equation  (3.17)  i3  the  osact  espnession  for  the  off  axis 
effect  in  uniaxial  crystals.  It  is  roadily  reduced  to  the 
mvc  convenient  ajproximtion  of  equation  (3*4)*  Sbqjanding 
the  r  '.ciicsitc,  and  neglecting  fourth  and  higher  powers  of  a 
and  u?  vo  find* 


The  direction  cosines  can  be  expressed  in  toms  of  0  and 

by  the  transforation* 

.  *  .  /  ,  t  ^ 

i  «*  on  p  sxn  0  b  =■  sm  jo  cos 

1 


(3.15) 


(3.16) 


(3.17) 


(3.16) 


-v  ‘."V* 


^  ff  .l-Mf . , 


where 


e'=  e 

if  €  -  u  >  0 

3^8  0t  J|“ 

/ye  €  -  <*>  <  0 

Equation  (3.18)  because,  then: 

.  F.  «•*  /cos*®'  sik’i*')| 

***•  I1***  (  e*  '  -fc»  //  (3.4.9) 

Equation  (3*19)  is  identical  with  equation  (3.1)  f"  an iexisl 
crystals. 

Thu  corresponding  exact,  equation  for  Msais!  asystole  can 
be  derived  by  the  same  methods,  but  the  resulting  cssweaa&Mis 
become  so  lengthy  and  complicated  that  it  ha«  not  seamed  wwsrfch 
while  to  push  them  through,  The  of  equation  (3-4)  is 

adequate  for  all  practical  purposes  whether  uniaxial  or  biaxial 
crystals  are  considered. 

It  should  be  noted  that  the  use  of  the  equations  «f 
isochramatio  surfaces  in  the  derivation  of  off  axis  «f£teot# 
does  not  lead  to  on  exact  result,  since  they  are  drived  m 
the  inexact  assumption  that  the  two  cocpone&ts  of  light 
polarised  at  right  angles  traverse  tbs  crystal  si sag  identic 
cal  paths. 

The  usable  field  of  &  given  filter  is  dot  ©rained  by  the 
maximum  perzaissible  value  of  isHa^i  for  the  thickest  b~ 
element,  i  } 

The  nejdmaa  permissible  angle  of  incidence  in  tbs  Climax 
filter  in  the  q  SJ£.  plane  is 

0  *  0.0-2 .5  radium 

if  we  require  that  over  the  field 

h-\j  *  al 

for  the  thickest  fc~elenent« 
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The  afttfaga  total  flax  front  a  gives  light  gauges  that  css 
he  squeezed  -through  a  filter  is  rocgfciy  propcortiecal  to  the 
aqti are  of  the  product  of  the  filter  aperture  and  tbs  »***»« n 
usable  value  of  0  .  The  aperture  la  Halted  by  the  siaee 
of  available  Wrefringent  crystals,  and  it  ia  therefore  ispor- 
tact  to  find  means  for  obtaining  large  fields*  The  cost  afc» 
rictus  devise  ia  to  find  a  bTrefringent  material  for  which  k 
ia  very  sraali,  Although  the  author  knows  of  no  each  material 
which  is  available  in  useful  sizes  of  optical  quality*  this  io 
a  definite  possibility  which  should  be  investigated  further. 

Lyot^*  baa  described  three  vide  field  inters  with  eo©- 
pound  alecisnte  made  of  available  materials.  They  will  be 
referred  to  as  Lyot*  a  first  type,  second  type,  and  third  type 
filters* 

The  first  type  filter  differs  from  the  single  filter  in 
having  each  b-eloruKti  divided  into  two  equal  halves  by  a  cut 
perpendicular  to  the  0  -axis.  The  second  half  of  each  ele¬ 
ment  is  rotated  about  tine  p-axls  until  the  a -exes  of  the 
two  components  are  crossed.  A  half  wave  plate  is  inserted 
between  the  eoegotients  with  Its  a -axis  at  45°  to  the  a-aa»s 
of  the  two*  It  serves  to  rotate  the  planes  of  polarisation 
9(P*  Light  which  enters  the  first  component  frera  the  direction 
{ &)  eaters  the  second  component  from  the  direction  ( fl5>  0  + 1») . 
The  retardation  introduced  fry  the  assembled  dement  is  then* 


|  fn  (0,©)  *  n  ^,©  ♦  -21 J 


The  loci  of  constant  retardation  are  circles  with  radii 
larger  th&n  the  a>3sa  of  the  hTpwbalao  ©fte  siaplo  filter  (in 
the  ©  a  JL  pisiXiz)  \t§  a  factor  of  4  /05L  For  a  given 

A  ,  ■  V  V'~C 

tolerable  value  of  { &~s0  !  9  the  rsdius  of  -he  useful  field 
wj,»  os  fi*rthsr  feet-e.w4  %  o  facte-  cf  /I™*  t£,r  setting  the 
**e  toidetioa  at  the  con  for  of  tiw  ■rtel-3  &t  one  extreme  of  the 


"Lyot's  first  type  filter,  unlike  the  staple  filter,  can 
be  used  only  over  a  snail  range  of  wave  lengths »  If  the  wave 
length  differs  greatly  from  the  optiiasm  for  which  the  half 
wave  plates  are  node,  the  residual  light  between  transmission 
bands  increases  at  the  expense  of  light  in  the  bands.  The 
added  residual  light  appears  superposed  on  the  field  in  the 
flora  of  faint  hyperbolic  fringes  very  similar  to  the  fringes 
produced  by  the  equivalent  staple  filter*  The  fringes  are 
lines  of  constant  retardation,  a9,  given  by 


tt/s  k  $9*  (~  +  |  J  cos  2  9 


(4.2) 


If,  however,  the  filter  is  either  used  for  one  wave  length 
only,  or  supplied  with  intarebs^cubls  half  wave  plates  for 
the  different  spectral  regicsss,  its  performance  ie  highly 
satisfactory.  This  Is  one  of  the  mny  instances  where  the 
development  of  an  achromatic  half  wave  plat©  would  be  very 
useful. 

Lyot’s  second  type  wide  field  filter  has  compound  b-ele- 
oents  of  two  cosqscmenta  of  different  materials,  The  quantity 
k  is  of  opposite  sign  ia  the  two  opponents,  uiileh  are  mounted 
with  their  a~ss»a  parallel,  Ho  half  wave  plates  ore  required , 

Let  and  ng  be  the  retardations  duo  to  the  first  uni 
second  coa^xsnonts  for  light  entering:  from  the  direction  0w  0. 
The  retardation  for  the  assembled  element  in  them 

-if*  *\(~ 

♦ «»  b  *  **  (*$*  -  “1r9]  ' 

iif  ?  /^i ^ j  o,k,  \  n  /n  k.  n„i£ 

a  -  ?  r8  s"m  aK  *  ^f)  o 


(4.35 


where  now 


*l  +  n2 


(4,4) 


It  is  evident  that  while  the  coefficient  of  0  c  cannot  c®  md© 
to  vanish  bjr  any  choice  of  and  nj,  we  can  obtain  circular 
fringes  by  el  taimting  ©  ,  The  condition  fox*  this  isj 


J.  1_ 

Y*J 

X  +  A. 


(4=5) 


(4.6) 


~7:  -r:~ 


^jaaido sots  (4.4)  (4.5)  glv®  a*  and  Bg.  'fha  ret&rdotioai 

df  the  assessxLed  t*l*a&nt  can  now  oe  wrltier  .* 

) 

Tb»  wcead  typo  filtw  ©a»  be  used  aver  a  wide  range  of 
umr?  Jeagtha,  although  the  fringes  do  not  remain  strictly 
circular  throughout  the  range, 

£y®iT8  third  type  filter  generally  has  -fee  largest  field. 
Bach,  b-eleaent,  consists  of  three  birefringant  cer$ xsnsnts.  Two 
of  the  omspoz&xta  are  of  the  mm  naterial  and  are  Emroted 
with  their  a-ases  crc»eed.  The  third  is  of  a  different 
blrefHngpaat  material  vi+h  a  k  valas  opposite  in  sign  to  the 
k  xtolue  for  the  first  two  oonpcBentSe  It  is  mounted  with  its 
a  -«ris  parallel  to  that  of  one  of  the  first  two.  By  a  proper 
choirs®  of  thiefcneesec*  it  is  always  possible  to  moke  n  constant 
over  the  vliola  field  within  the  accuracy  of  equation  (3.4). 

Qff  ^  an^  a<&  f  be  the  refractive  indices 

u  the  crystals  eoagsosing  the  aingle  component  and  the  two 
croesed  ca^Kusecta,,  reatpectively.  The  crystals  rsmt  bo  so- 
looted  to  satiflfy  the  condition 

°>  ^>T#  <*A 


Let  %  be  the  retardation  of  the  single  conjpcnent,  and  n»,  and 
°®  retardations  of  the  two  of  the  sane  material. 

Let  the  a«aa»#  of  the  e,  and  b  ectspanenta  0 &  in  the  @  ■  0 
plans*  end  bb©  a -axis  of  the  c  component  in  the  Q  •  JL. plane 
Then*  2 


o 

If  we  set  -  nc  *  n^,  and  require  that  the  coefficient  of  0 

vanish  *  we  fir.d* 


n  * 


*».  *0 


fa  k* 
vr» 


where 

Jl  ^2 
*1  “2  r2 

ji  % 

ai  r2  a2 
1-11 


(4*8) 


The  "retardation  of  the  assembled  element  for  any  direction 
(0tG)  ie  them 

nsnR+nb-nc*no  (4*10) 


The  third  type  filter  2  ike  the  second  type,  can  he  used 
over  a  vide  range  of  wave  lengths.  The  coefficient  of  , 
however,  will  generally  vanish  accurately  at  only  one  wave 
length. 

In  designing  a  vide  angle  filter  it  is  not  usually  necessary 
to  make  the  thinner  elements  compound.  Their  transmission  hands 
are  so  broad  that  the  slight  shift  In  wave  length  for  off  axis 
rays  is  negligible  in  comparison.  If  the  higher  order  compound 
elements  are  ode  of  two  materials,  however,  it  may  not  be  pos¬ 
sible  to  use  transmission  bands  In  widely  separated  regions  of 
the  spectrum,  because  the  dispersions  of  different  materials  are 
generally  not  strictly  proportional.  If  the  r  th  element  i<s 
the  thickest  simple  element,  *  1  „  2  at  only  one  wave 
length.  °r 


-  ■— w— 11  ii  jmm,wr’sT-s?.~t-r~.i 


n.  hbbebt  vmmcma,^  o?  the  bxhefrxbseet  filter 

The  following  sections  are  devoted  to  tbs  theory  of  various 
modifications  of  birefHageni  filters  which  have  been  re¬ 
cently  developed, 

A.  The  Split  Element  Filter 

Tbs  split  element  filter  resembles  Lyot* 3  first  type  fil¬ 
ter,  and  shares  its  wide  field  ehsractariatica.  The  half  wave 
plates,  however,  ere  replaced  by  birefringent  elements,  and 
successive  polarizers  are  crossed.  After  the  initial  polar¬ 
ization,  it  requires  only  half  as  rany  polarizers  as  the  equi¬ 
valent  simple  filter.  The  result  13  a  considerable  reduction 
in  absorption  and  scattered  light  if  film  polarizers  are  used, 
cr  a  notable  saving  in  bulk  and  expense  if  polarising  prisms 
are  used. 

The  split  element  filter  las  already  been  described  briefly^*, 
A  more  detailed  account  of  its  theory  is  given  here. 

A  single  unit  of  the  split  element  filter  (which  would  be 
mounted  between  crossed  polarizers)  is  shown  schematically  in 
Figure  4°  The  x,  y  aad  z-axos  constitute  a  rectangular  co¬ 
ordinate  system*  The  positive  r  and  a-axas  in  the  sy  plane 
bisect  the  angles  between  the  positive  x  and  y  and  the  positive 
y  and  negative  x  directions,  respectively.  The  unit  consists 
of  a  split  element  with  components  ir»  and  q,  aad  a  simple  ele¬ 
ment,  p,  sanduiciied  between  e  and  q.  They  are  all  mounted 
with  p-exBs  parallel  to  the  z-axLs.  The  y-as&B  are  aligned 
parallel  to  the  x,  r  and  y  directions,  respectively,  in  the 
o,  p  and  q  components.  Let  the  thicknesses  of  n,  p  aid  q  be 
dm,  d_  and  cL,  and  let  the  unit  of  time  be  the  ’dbration  period 
H  light? 

Assume  that  the  entering  light  is  polarized  in  the  r  piano. 

The  transmissions  of  the  unit  for  emerging  ligh'o  polarized  in 
the  r  plane  and  s  plane  are  to  be  determined, 

The  vibration  of  the  entering  light  ioi 

r  “  a  sin  2  Tft  (5,1) 


Tills  can  be  resolved  along  the  x  and  y  directions,  givingx 

x  :  JL  sin  2  if  t 

<2 


K 


sin  27 Tt 


(5.2) 


Z^ *a&?'ZSi*?Xr *"*£**■ ~  ^T ? '^£^**p*e***+9KZpZ ^ 

^  w<* C<r*&&>.  . -Whr* ^3-c v*»^w- > _  -.'  .  -  -  — -  -  •  — ■ 


la  traversing  a,  a  phase  difference  is  introduced  and  the 
vibration  of  the  emerging  light  is 


% 


* 


sin  2  7T  (  t  -  (^  r) 


(5.3) 


?n=  ~r  sin  2  IT  (  t  -  dn  a) 

The  rosrul  tant  disturbance  along  the  r  and  e  axes  is* 
ra  s  a  cos  %  sin  2  If  t» 

Sj^  r  a  sin  7f  cos  2  ?f  t*  (5  4) 

■where 

t»  -  t  -  — -  (Q  +  r) 

2  A 

In  the  traversal  of  p,  an  additional  phase  difference  is 
introducedi 

rp  s  a  cos  If  n^  sin  2  If  f'  -  4 r) 

Bp  s  a  sin  ?f  coo  2  7l  ^t‘  -  ~4  (5.5) 

Resolving  this  vibration  along  the  x  and  y  axes  and  adding  the 
phase  difference  due  to  transmission  through  q,  ve  obtain* 


x_ 


-  y§*  cos  V  %  sin  27 r(t' 

-  ^  eia  T  \  cos  2  7T  -  4  a  -  4  a)^ 

7T  ^  sin  2^t-ir^r) 

2  77  /t'  -  4  a  -  4 


6) 


yq*  ^  cos 


fv  oin  fr  r-aj  cos  2  77 


A  A 


To  def 'nine  c!;o  limJ  tevunmisolou  through  a  polarizer 
with  lie-  *-’-dri  rJc-rvf  c:.-t,:T  the  r  or  s  ^  roc  lion-,  ve  must  resolve 


this  viteatioti  along  the  r  sad  s  sales 


r^»a«a  7T  r^,  eoa  $*  sie  2  IT  ft' 1  -  St  ?| 

+  e  sin  ft  a^,  sin  eia  2  /t1’  -  a| 

%  r 

s  a  ai*  ft  008  7T«q  «»  2  TT  ^  ~ 

“acofl  ft  %  sin  7f  ses  2  IT  Ar’  »  Sc 


wbare 


i,J  »  t  “  la  +  v  i 

2  K  '  J 


C5«?) 


Let  the  ersorgeBt  asglittides  "be  Ay  nr>d  Ag0  ??ia  ts%n$~ 
niesioas  in  the  r  end  a  ^tastSan  plsnes  aro,  thecas 

A* 

Tr  »  *  008 2  if  (n-  n  )  ~  Sia2?ar  slhS^a^sSn'ir^ 

i«i  «  ^  U*”? 

Ta  *•  -£■  *  sin^  |JT{  r^,--  )  *  Bin2$i&,a  ainSfo^ia^if  Bp 

In  the  split  e&esesi  filter  tbs  sa  anc  q.  ees^naots  ew 
undo  of  ©acral  thicknesses,  H«soe 

%  *  \  • 

If  vs  let 


n j  *  2  %  *  s  \ 
equations  (5,8)  redune  to s 

T-  *  2.  -  eln^lfr  a,  aizi^n. 

?  5  *  **  tt.9i 

f8  i.  sin*??*  a.-}  aia- f r>V 


live  transsdseie®  of  aa  eXsaent  of  L-'ot’ji  first  type  fil¬ 
ter  is  Ty  la  aquations  ,9)  if  sei  »  -g  « 


r<r  /<  r3f  T. isn"!4i‘.  -il .n^anr  ril  f-jw*  ju 


=W- 


the  first  4-  eltr.-ursiH  sinp'i.**  li?*!  --ha  J;'  thick*;?  aJ^nsnte  ■'voet— 
rA'_mv\  ,  Vir  -thcr  I : is  fleli  in  t,  thj  oJ-fPe  'Xi <ssa&zt3  V'-x’ 


the  compound  elements  depends  upon  whether  or  not  ° 

ie  greater  or  less  than  1.  If  the  simple  element  limit  the 
field,  they  can,  of  course,  be  made  compound  in  any  of  Iyot'a 
three  type 3. 


The  transmission  of  an  accomblad  split  ol orient  filter 
posed  of  tac-elsnont  units  between  crossed  polarizers  let 


T  «  sin  27T  a 


sin2^ 


oin^lfn^ 


(5.10) 


Since  transmission  bends  occur  only  at  wars  lengths  for  which 
all  the  n*s  <*^-o  half  integral,  the  n*s  cannot  be  simply  pro¬ 
portional  to  the  powers  of  2,  If  we  let  r.  r  n1  ♦  £  at  the 
wave  length  of  *  particular  band,  the  best  we  can  do  is  to 
make  the  values  of  vJ  proportional  to  tbs  powers  of  2,  Thus 


nr  ■  2*"1  14  ♦  | 

The  tronsEission  can  then  bo  written 


T  -  coo  27T  n  ^  ooe2f2n^.  *  .  cos' 


„£-l  » 
Tf  2  n j 


(5.12) 


Unfortunately  equation  (5*11)  can  be  strictly  valid  at  only 
one  wav©  length?  and  the  usefulness  of  the  filter  is  restricted 
to  a  limited  spectral  region  in  the  neighborhood  of  that  vavo 
length.  This  is  a  second  instance  whore  achromatic  half  wave 
plates  would  be  handy.  If  the  r  th  element  of  the  filter  wero 
mode  to  give  a  retardation  ®  2^1  ,  the  addition  of  an 

achromatic  half  wove  plate  (two  quarter  wave  plates  for  split 
elements)  would  setiafy  equation  (5.U)  at  all  ~nve  lengths. 


The  thought  will  doubtless  have  occurred  to  the  reader  that 
the  middle  element  in  each  unit  of  a  split  dement  filter  could 
itself  be  split,  and  a  third  element  inserted  botueen  the  halves. 
This  plan  does  not  work  theoretically,  and  so  far  no  arranger  tent 
has  boon  found  which  allows  more  than  two  dements  In  a  unit 
between  successive  polarizers. 


3.  Filter  a  of  Adjustable  Wave  -length 

It  is  obvious  that  the  usefulness  of  the  birefrlngent  fil¬ 
ter  is  enormously  enhanced  if  a  transmission  maximum  can  be  ad¬ 
justed  to  center  on  any  desired  wave  length.  The  fine  adjust¬ 
ment  resulting  from  the  control  of  temperature  is  generally 
unite  Inadequate  as  it  has  a  range  of  only  a  few  angstroms 
(although  Lyot  found  that  with  the  aid  of  temperature  control 
it  is  possible  to  bring  no  less  than  six  of  the  maxima  of  a 
quarts  filter  into  coincidence  with  lines  of  major  importance 
in  the  solar  spectrum). 


-  22 


Th*  obvious  method  of  controlling  the  wave  length  of  the 
transmission  hands  Is  by  aeons  of  elements  of  variable  thick- 
noss,  Bade  of  pairs  of  wedges  which  can  be  adjusted  with  re¬ 
spect  to  each  other  like  the  components  of  a  Babdnet  ccrapett- 
sa tor.  It  is  then  possible  to  set 

n,  -  an  integer 


at  any  ohoeesi  wave  length.  Such  an  arrangement  is  perfectly 
feasible  end  works  equally  wall  at  all  wove  lengths.  In  the 
split  element  filter,  both  halves  of  the  split  element  must, 
of  coarse,  be  adjustable,  since  a-  -  bl,  m  0.  The  range  of 
variation  in  thickness  need  be  only  sufficient  to  shift  the 
prlndpel  transmission  maxim  of  the  filter  through  a  range 
equal  to  their  separation.  With  a  proper  choice  of  wedge 
angles,  all  the  movable  wedges  can  be  mounted  and  adjusted 
an  a  single  unit. 


Although  theoretically  excellent,  the  variable  thickness 
filter  requires  considerable  mechanical  refinement,  and  one 
wedge  in  each  dement  mast  have  on  aperture  much  larger  than 
the  Instrcmental  aperture  (a  matter  of  taqpartance  in  filters 
of  large  aperture).  The  use  of  phase  shifters  for  wave  length 
adjustment  is  stapler  and,  for  most  purposes,  equally  satis¬ 
factory,  If  sehrooatle  phase  shifters  can  be  devised,  they 
will  give  results  as  theoretically  perfect  as  variable  thickness. 


Suppose  we  equip  each  b-elenont  of  &  filter  with  a  phase 
shifter  which  persltei  the  addition  of  a  snail  controllable 
phase  difference,  2 Tf,  to  the  phase  difference,  2?n,  intro¬ 
duced  by  the  b-olcaent.  The  transmission  of  the  filter  Is 
then 

r mJL 

T-  J|~  tos2^  +£  P)  (6.1) 

r»l 


Again,  with  the  split  dement  filter,  the  added  phase  difference 
mast  be  divided  equally  between  the  two  halves  of  tha  split 
element*  to  keep  na  -  n-  »  0.  A  tranantssicn  maximum  of  the 
filter  urn  then  be  centered  on  any  given  wave  length,  X  ,  by 
adjusting  S  until  n  *  <  is  an  Integer  for  each  element.  This 
is  always  possible  if  £  can  be  adjusted  over  the  range  -  £ 
to  ♦  If  the  phase  shifter  is  achromatic,  i.e.,  g  is  inde¬ 
pendent  cf  wave  length  at  a  given  setting,  the  result  is  merely 
a  shift  cf  the  transmission  curve  of  the  filter  along  the 
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spectrum  and  its  performance  is  equally  good  at  all  wave 
length  settings.  If,  on  the  other  hand,  §  is  a  function 
of  wave  length,  the  spaclngs  of  the  tratisni o sion  nmriwn  of 
a  given  elcaent  a re  altered.  Hence  the  relative  positions 
of  the  transmission  maxtea  and  nirdm  of  the  different  elo— 
ssants  depart  nore  and  more  froei  exact  superpoaiten  aa  the 
wave  length  departs  from  \  .  The  result  is  an  increase  in 
the  residual  light  transmitted  in  the  intervals  between 
principal  caadm  of  the  filter  os  !  A  "*  Aj  |  iacroasos. 

Lyet^*  and  BiUinga^5  have  both  nede  numerical  cal¬ 
culations  of  tiio  additional  residual  light,  resulting  fron 
the  use  of  non  achromatic  phase  shifters.  They  concluded 
that  over  a  reasonable  wave  length  range  (which  can  readily 
be  isolated  with  glass  or  gelatine  filters)  the  increase  in 
residual  light  is  negligible.  The  adjustment  of  wave  length 
with  phase  shifters  is  therefore  a  practical  possibility 
whether  the  phase  shifters  are  achromatic  or  not. 

Several  ferae  of  variable  phase  shifters  have  been  proposed. 

Lyot3*  nadc  elements  of  variable  thickness  like  those  de¬ 
scribed  above  for  the  variable  thickness  filter,  but  with  the 
difference  that  the  range  of  adjustment  of  retardation  vao 
restricted  to  one  wave  length. 

Billing^*  made  an  experissntal  filter  with  photo  elastic 
pi  mao  shifters  composed  of  sheets  of  polyvinyl  butyrate  under 
adjustable  tension. 

While  both  those  arrangements  give  a  satisfactory  wave 
length  adjustment,  they  ore  tedious  to  use.  Ordinarily  each 
element  oust  be  individually  adjusted.  The  alternative  is  a 
complicated  mechanical  synchronization  of  the  adjustments  of 
all  the  elements,  which  would  nako  operation  with  a  single 
coctrrl  feasible  o  Without  some  such  arrangement  it  would  be 
impossible  to  vary  the  wave  length  continuously. 

A  such  rscra  promising  approach  is  the  use  of  tbo  electro 
optical  phase  shifters  discussed  by  Billings®* .  A  plate  of 
the  uniaxial  crystal  aaponltea  ai  hydrogen  phosphate  (M^HgPO/), 
known  ccnmsrcially  as  PH,  cut  perpendicular  to  the  optic  axis 
tend  mounted  between  transparent  electrodes,  becomes  biaxial 
and  exhibits  a  retardation  when  a  potential  difference  is 
applied  to  the  electrodes ,  The  retardation  is  proportional 
to  the  potential  difference  and  is  independent  of  the  thickness 
of  the  PH  plate.  A  filter  nado  with  a  Billings  plate  added 
to  each  element  (to  each  half  of  the  split  elements  in  the 
split  dement  filter)  could  be  adjusted  electrically,  and  the 
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problem  c  'vncbrcnizing  the  phase  shifts  of  successive  elements 
weak.  t  rex,  tively  single.  At  the  present  writing  Dr.  Billings 
is  actively  engaged  in  the  development  of  such  electrically 
tunable  filters* 

All  thrae  tuning  methods  have  one  difficulty  in  cannon.  It 
is  innracticahls  to  posh  the  phase  shift  beyond  a  very  limited 
range.  If  a  range  from  -  If  to-j-TT  is  adopted,  a  continuous 
variation  of  wave  length  involves  a  discontinuous  adjustment  of 
each  phase  shifted  *  The  phase  shift  rar  progress  smoothly 
fTom  -  Tf  to  +  TT  (at  a  rate  proportional  to  the  thickness  of 
the  associated  h-elem^nt)  and  then  jump  back  to  -  If .  For  most 
purposes  there  nay  be  no  serious  disadvantage  in  this*  If, 
however,  the  filter  is  to  be  used  for  spec trophotometric  work, 
for  example,  it  may  be  very  difficult  to  avoid  a  spurious  bump 
in  the  filter  transmission  every  time  a  phase  shifter  passes 
a  point  of  discontinuity,  even  with  the  electrical  tuning*  For 
such  special  pir-poses  phase  shifters  composed  of  rotating 
fractional  wave  plates  can  be  used.  Thqy  have  already  been 
described  briefly?*.  A  fuller  account  rf  Moir  theory  is  given 
here. 

The  specific  problem  is  to  devise  a  r^binxtion  of  fractional 
wave  plates  which  will  alter  the  phase  difference  between  the 
vibrations  along  two  mutually  perjwndf.culai  arses,  x  and  y,  by 
any  choten  amount,  without  altering  their  amplitudes.  At  a 
given  wav?  length  this  is  equivalent  to  a  vsriaole  thickr.es s  of 
birefrlngent  material  wit  i  its  y  -axis  along  the  x  or  y 
direction.  Such  an  arrangement  is  shown  at  a.  Figure  5.  It 
ccnsiJts  of  two  quarter  wave  plates.  The  first  is  fixed  with  • 
its  y-erie  along  the  r  axis  (at  45°  to  the  x-axis).  The 
second  can  be  rotated  around  the  instrumental  axis.  At  a 
given  setting  lw  y-exxis  lies  along  the  r*  direction  at  angle 
f>  to  the  r  direction,. 

The  vibration  of  the  light  enterj.^  the  system  is  generally 
represented  by 


x  ■  b  sin  2  IT  t 

y  »  c  sin  2  Tf  (t  +0" , 


Resolving  this  violation  along  the  r  and  s  axes  nd  adding  a 
phase  ctiLffsrer.ee  of  ^  introduced  by  the  first  quarter  wave 

plate,  we  obtain  for  the  emerging  vibrations 


ae  shifter  of  one  half  vave  and  two  quarter  wave 

fte8o 


r  « 

s  * 


sin  2  Tf  t 
cos  2  ITt 


+  -5L  sin 

*2 

+  -S-  cos 
V2 


21T(t  +cr) 
21T(t  +  O') 


(6.3) 


Resolving  this  vibration 
another  phase  difference 
wave  plate,  we  obtains 


the  r!  and  s'  axes  and  adding 
introduced  by  the  sedond  quarter 


r* 


8* 


*  sin 

Vs 

-  A.  ain 

VT 


[2  IT  t  -pj  +  *~=  sin  j27f(t  +&)  +/J 

-  (6.4) 

[27Tt  ~~esin  j2ir(t  +*)  +/>] 


Finally,  if  we  resolve  this  vibration  along  the  x*  and  y*  axes, 
at  an  angle  of  J*  to  the  x  and  y  axes,  we  obtain  for  the 

soorging  vibrations 


x* 


7* 


b  sin  [zfft-/*] 

c  ain  £2  TT  (t  *  Cr )  +f>+  X  J 


(6.5) 


A  comparison  of  equations  (6.2)  with  (6.5)  shows  that  while 
the  emerging  amplitudes  along  x'  and  y*  are  the  same  as  the 
entering  amplitudes  along  x  and  y,  the  phase  difference  has  bept 
increased  from  27T(T'b l.e.,  the  phase  shift,  2  5T  S, 

2  «  7T  ♦  2/  (6.6) 


Obviously  the  phase  difference  can  be  set  to  any  desired  value 
by  adjusting  p . 

This  two  element  phase  shifter  has  the  disadvantage  that 
the  x*  and  y*  axes  rotate  with  the  second  quarter  wave  plate.  For 
some  applications  this  is  no  Inconvenience  but  in  others  It 
renders  this  phase  shifter  useless.  The  x'  and  j-  axes  can  bo 
restored  to  parallelism  with  the  x  and  y  axeo  by  the  addition  of 
a  rotatable  half  wave  plate,  which  has  the  property  of  reflecting 
any  polarisation  figure  in  its  y 


The  coot  convenient  system,  shown  at  b,  Figure  5,  consists 
of  tero  fixed  quarter  wave  plates  with  the  rotatable  half  wave 
plate  sandwiched  botweer  thorn.  Suppose  the  r  “axes  of  both  quarter 
plates  are  in  the  r  direction,  while  the  r  -axis  of  'the  half 
rave  plate  is  along  the  u  direction  at  an  angle  -y  to  the  r 
direction® 


The  vibration  emerging  from  the  first,  quarter  wave  plate  is 
given  by  equation  (6,3).  Resolving  this  vibration  along  the  n 
and  v-axes.  and  adding  a  phase  difference  of  7T  ,  vre  obtain  for 
the  vibration  emerging  from  the  half  wave  plate: 


+  y^2in|2  TT  (t+  cr)+  f]  (6.7) 
c 

~  -r=CO 8 

fr 


Resolving  this  vibration  again  along  the  r  and  s  axes,  and 
adding  a  phase  difference  of  If  f  wc  obtain  for  the  vibration 

emerging  from  the  second  quarter  nave  plate: 


Finally, 
axes,  ?/e 


r 

s 


ITH?**"**] 

*^Lcin[27rt-  2y] 

f2  *- 


♦  -iL-cin 
if  2" 


2 t *C0+ 
ZTiX+er)* 


resolving  this  vibration  along  the  original 
find 


(6,8) 


x  and  y 


x  **  b  Gin  £2  fl*  t  -  2 
y  a  c  oin  ^2  TT (t  ♦  7)  +  2 


The  piiasc  shift  introduced  by 


the  three  element  system  is. 


therefor 


(6.10) 


Trio  principal  advantage  in  the  use  of  fractional  wave  plate 
phase  shifters  in  birefringent  filters  is  in  the  possibility 
of  a  continuous  variation  of  wave  lengc-h  without  discontinuities 
in  the  ad.jjstaent  of  the  moving  elements.  Since  fi  or  can  be 
increased  ir  decreased  Indefinitely,  2  If  £  is  not  restricted  as 
it  is  in  tie  other  types  of  phase  shifters  discussed  above. 


It.  should  be  noted  that  Hie  fractional  wave  plate  phase 
shifter  is  in  a  sense  achromatic,  since  5  is  independent  of  the 
wave  length  for  a  given  value  of  p  or  Tfr  a  very  desirable 
property  (see  the  discussion  following  equation  6.1)  *  With 
ordinary  quarter  and  half  wave  plates,  however,  this  advantage 


i:s  somewhat  illusory.  Their  usefulness  is  limited  to  the 
rather  restricted  re  pi  on  of  the  spectrum  where  their 
retardations  are  very  close  to  quarter  wave  and  half  wave. 
This  is  another  application  where  the  desirability  of 
achromatic  fractional  wave  plates  is  evident. 

If  continuity  of  adjustment  over  a  large  range 
of  the  spectrum  is  a  necessity,  the  fractional  wave  plates 
themselves  could  be  made  adjustable.  The  addition  of  an 
electro  optical  Billings  plate  to  each  fractional  wave 
plate  would  perhaps  be  the  simplest  method.  A  relatively 
moderate  potential  applied  to  the  Billings  plate  would  then 
adjust  the  retardation  ac ornately  to  a  half  wave  or  quarter 
wave  at  the  wave  length  of  the  transmission  band  of  the 
filter.  This  seems  a  rather  desperate  measure,  however . 

The  construction  of  the  fractional  wave  plate 
phase  shifters  is  considerably  simplified  Then  they  are 
used  in  birefringent  filters.  Some  of  the  quarter  wave 
plates  simply  take  tho  fora  of  an  addition  to  the  thickness 
of  the  birefringent  elements.  In  instances  where  they*- axis 
of  a  quarter  wave  plate  is  parallel  or  perpendicular  to  the 
axis  of  an  immediately  following  polarizer,  it  is  evident 
that  the  polarizer  utilizes  only  one  component  of  tho 
vibration  emerging  from  the  quarter  wave  plate.  The 
phase  difference  therefore  serves  no  real  purpose,  and  the 
quarter  wave  plate  can  be  omitted. 


Consider  first  an  element  of  a  simple  filter. 
Suppose  the  b-element,  oriented  with  its  y^-axis  along  the 
x  direction,  is  followed  by  a  quarter  wave  plate  with  its 
Y-axis  along  the  r  direction.  If  we  let  b  *  c  , 

t  -  t*  -  M  ,  and  cr  *  —  M  »  equation  (6.3)  for  the  vil 
cA '  A 

tioo  emerging  from  the  quarter  wave  plate  reduces  to: 


r  «  a  coo  VT  n  sin  2  7T  t#  (6.11) 

s  ■  a  sin  If  n  sin  2  IT  tf 


This  is  a  linear  vibration  at  an  angle  of  1T>Vlo  the  r-axis. 

7e  can  omit  the  second  quarter  wave  plate  and  let  the  light 
outer  a  polarizer  with  its  plane  of  polarization  at  angle  P 
to  the  r  axis.  The  transmission  of  the  assembly  is  then 

T  -  cos2  ( )  (6.12) 

By  adjusting/*  (i.o.,  by  rotating  the  polarizer)  until 

»  an  integer,  we  can  set  T  =  1  for  any  chosen 
wavelength. 

Lyot  has  utilized  this  device  to  offrct  a  slight 
shift  in  the  wave  length  of  the  transmission  band  of  his  filter. 


-  ?-?  ■ 


He  used  a  quarter  wave  plate  with  the  last  (thickest)  element, 
and  provided  for  the  rotation  of  the  final  polarizer.  The  same 
method  can  be  applied  to  the  whale  filter,  however. 

An  adjustable  simple  birefringent  filter  would 
consist,  then,  of  a  series  of  units  shown  at  a.  Figure  6,  each 
composed  of  a  polarizer,  a  birefringent  element  with  its  Y-axis 
at  US0  to  the  axis  of  the  polarizer,  and  a  quarter  wave  plate 
with  its  Y-axis  parallel  to  the  axis  of  the  polarizer.  The 
three  parts  of  each  unit  remain  fixed  with  respect  to  each  other, 
but  the  unit  itself  oust  be  rotatable  around  the  instrumental 
axis.  The  angle./*. is  then  the  angle  between  tho  y-axis  of  the 
r  th  quarter  wave  plate  and  the  axis  of  the  immediately  follow¬ 
ing  polarizer.  Tho  birefringent  elements  have  the  same  thickness 
as  in  the  ncn-adj  us  table  filter.  The  transmission  of  the  whole  isi 

y m  cot?"  (1fnf  -/j)  cos2  (F2n;  •••»  cos2  (Tf2^  (6*13) 

and 

A  “  (6.U.) 

Since  the  values  of  /  are  proportional  to  the  powers  of  2,  it  is  a 
relatively  simple  matter  to  devise  a  pear  train  by  which  the  wave 
length  of  the  transmission  band  can  be  adjusted  with  a  single  con¬ 
trol  knob.  A  continuous  variation  of  wave  length  now  involves  no 
discontinuity  in  the  adjustment  of  the  various  units,  since  P 
can  be  made  to  increase  or  decrease  indefinitely. 

Hatters  are  somewhat  more  complicated  in  the  split 
element  filter.  The  wide  field  characteristics  depend  upon  the 
m  and  q  components  being  crossed.  Hence  the  phase  shifts  must  be 
accomplished  without  any  relative  rotation  of  the  two.  Various 
arrangements  are  possible,  some  of  which  involve  rotation  of  the 
center  p-el  aments,  or  rotation  of  the  unit  as  a  whole  with  respect 
to  the  polarizers,  or  both.  However,  the  unit  shown  at  b.  Figure 
6,  is  as  simple  as  any. 

The  orientation  of  each  element  in  Indicated  in  the 
diagram  by  the  short  line  above  it  for  the  fixed  elements,  or  by 
the  symbol  rVf  or  fp  for  the  adjustable  half  wave  plates.  The 
angle  or  fm  is  the  angle  between  the  Y  -axis  of  the 

half  wave  plate  and  the  y  -axis  of  the  preceding  quarter  wave 
plate.  The  second  quarter  wave  plates  following  m  and  p  are 
indicated  as  an  addition  to  the  thicknesses  of  p  and  q,  while 
that  following  q  has  been  omitted,  since  its  Y  -axis  would 
oe  parallel  to  the  axis  of  the  following;  polarizer.  The  trans¬ 
mission  of  a  split  element  filter  composed  of  such  units  is 

cos2  (im*.  -  2fr  -  %r) 

r*»l 


r 


(6.15) 
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FIGUH2  6 

a)  Simple  filter  of  three  olenents  with  quarter  wave  plate 
phase  shifters. 

b)  One  unit  of  a  split  element  filter  frith  fractional  were  plate 
phase  shifters. 


It  should  he  noted  here  that  the  built-in  quarter 
wave  plates  which  are  added  to  the  thicknesses  of  the  p  and  q- 
eleaeirts  are  not  included  in  the  calculation  of  n  for  these 
elements. 

The  values  of  pj^  should  be  proportional  to  nr  in 
equation  (6.15).  Hence  if  Hj.  3  2r“1(ni  -  £)  *jas  in  the  non- 
adjus table  split  element  filter,  the  p  <s  are  proportional  to 
large  odd  nuribers,  and  the  problem  of  synchronizing  the  rotations 
of  the  half  wave  plates  becomes  complicated  (but  not  at  all  im¬ 
possible).  If,  on  the  other  hand,  the  n's  are  made  proportional 
to  the  powers  of  two,  the  phase  changers  can  compensate  for  the 
subtraction  of  from  each  value  of  n  in  addition  to  their  normal 
function.  Then 

nj.  s  2r”^  m  (6.16) 

and 

2%-  X  +  2r"1  {2ft-  J)  (6.17) 

Since  a  rotation  of  the  zero  point  from  which  angle  p  is 
measured  to  reduces  this  equation  to 

2  y'  z  2p-l  (2y')  (6.18) 

it  is  evident  that  the  variable  parts  of  the  p 's  are  pro¬ 
portional  to  the  powers  of  two,  and  the  problem  of  synchron¬ 
ization  becomes  relatively  simple. 

The  synchronization  of  the  other  types  of  phase 
shifters  (variable  thickness,  photo  elastic,  or  electro 
optical)  is  similarly  simplified  in  a  split  element  filter  by 
constructing  it  with  n’s  proportional  to  powers  of  two.  Equations 
(6. Hi)  and  (6.17)  apply  if  we  substitute  If  £  for  2  p  . 

A  final  remark  about  filters  of  adjustable  wave 
length  seems  worth  while.  The  birefringont  elements  need  not  be 
made  to  ary  exact  thicknesses  as  in  the  fixed  wave  length  filters. 
It  is  desirable,  but  not  necessary,  to  preserve  the  relation 
nr  *  2P“lni  as  closely  as  possible  since  the  synchronization  of 
the  various  adjustments  is  then  easier.  There  is  no  necessity, 
however,  for  q  to  be  an  integer  for  any  specified  wave  length. 
This  simplifies  the  construction  somewhat.  If  /<  0.03 

the  thicknesses  of  the  elements  can  be  adjusted  with  sufficient 
accuracy  by  mechanical  measurements  alone.  The  error  tolerance 
in  thickness  is  inversely  proportional  to jjl.  and  is  about 
i,  0,001  nm  for  /*  *  0o03o 


Ill  Materials  and  Applications 
Materials  for  Dirofrinpen c  Filters 

For  the  benefit  of  potential  builders  of 
birefringent  filters  a  brief  discussion  of  available 
materials  is  given  below.  It  must  be  emphasized  that  the 
list  given  is  certainly  far  from  complete.  The  author 
simply  lists  materials  which  have  come  to  his  attention 
and  either  have  bean  successfully  used,  or  look  promising. 
Unfortunately,  lack  of  time  lias  prevented  a  really  thorough 
search  for  suitable  and  available  materials,  and  it  would 
be  surprising  if  some  very  useful  ones  had  not  been  over¬ 
looked. 


Some  of  the  desirable  properties  of  crystals 
for  birefringent  filters  are  a  large  value  of with  a  small 
temperature  coefficient;  a  high  degree  of  hardness,  chemical 
stability,  and  insolubility  in  water;  high  transparency  in 
the  region  of  the  spectrum  for  which  the  filter  is  to  be 
used;  and  availability  in  large  pieces  of  high  optical 
quality. 


For  filters  with  band  widths  of  3  angstroms  or 
more  quartz  is  an  ideal  material.  It  is  excellent  on  all 
counts  except  for  its  rather  small  value  of  jU(*040f).  The 
birefringent  elements  of  all.  the  astronomical  filters  near 
in  operation  are  made  of  quartz  except  for  the  final  element 
of  Iyot’s  filter,  which  is  calcite. 

Calcite  would  be  excellent  for  elements  of  large 
n-values  if  it  were  readily  available  in  large  sizes.  Un¬ 
fortunately  it  is  30  difficult  to  obtain  that  its  general  use 
in  filters  is  probably  impossible.  TShile  it  is  not  as  easily 
ground  and  polished  as  quartz,  it  presents  no  real  difficulty. 
/*-o  .i']. 


Gyp  sun  occurs  naturally  in  large  crystals  and 
should  be  readily  available.  Its  birefringence  is  similar 
to  that  of  quarts,  and  it  should  be  useful  in  the  same  places. 
Unfortunately,  it  is  quite  soft  and  night  be  difficult  to 
polish.  o-OOq. 


Ammonium  di-hydrogen  phosphate  has  excellent 
optical  characteristics,  although  it  is  sensitive  to  presnure 
and  must  be  mounted  with  care.  It  is  available  in  large 
sizes.  Its  optical  working  has  proved  rather  difficult, 
though  not  impossible,  and  its  high  solubility  in  water 
necessitates  careful  protection  from  atmospheric  moisture. 

/i  *  O.D^'S. 


Ethylene  diamine  tartrate  has  promising  optical 
characteristics  accompanied  by  the  disadvantages  of  high 
solubility  in  water  and  softness.  The  author  knows  of  no 
attempts  to  polish  it,  but  it  would  probably  be  quite  difficult. 
It  is  available  in  large  sizes,  /ts  of4#- 
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Sodium  nitrate  has  a  larger  value  than  calcite, 
and  should  be  useful  for  elements  of  large  n- values,  However, 
it  is  very  soluble  in  water  and  difficult  to  work.  At  present 
it  is  not  available  in  large  sizes  with  the  necessary  homo¬ 
geneity.  0.2.5. 


Polarising  interferometer  filters 

An  account  of  birefringent  filters  should  not 
be  closed  without  some  mention  of  the  polarizing  interferometer, 
a  device  which  has  the  effect  of  an  impossibly  thick  birefringent 
element.  It  offers  the  possibility  of  filters  of  very  high 
resolution  with  band  widths  in  the  range  of  hundredths  or 
thousandths  of  an  angstrom.  The  advantages  of  the  polarizing 
over  the  usual  forms  of  interfercmeters  is  in  the  possibility 
of  an  accurate  and  stable  control  of  the  wave  lengths  of 
transmission  maxima  (by  means  of  phase  shifters),  and  a  high 
light  efficiency. 

The  essential  feature  of  the  polarizing  inter¬ 
ferometer  ia  that  the  emerging  light  consists  of  two  coherent 
sets  of  waves  which  differ  in  phase  (due  to  a  path  difference) 
and  are  polarized  at  right  angles  to  each  other.  The  effect 
is  similar  to  that  of  a  birefringent  element,  and  a  series 
of  polarizing  interferometers  can  be  used  exactly  like  a 
series  of  birefringent  elements  to  construct  a  filter.  The 
wave  length  of  the  transmission  band  can  be  controlled  with 
adjustable  phase  shifters,  and  interferometers  can  be 
sandwiched  between  birefringent  elements  to  form  split 
element  units. 


The  advantage  of  the  polarizing  interferometer 
over  a  simple  birefringent  element  is  that  very  large  values 
of  a  can  be  obtained  in  a  comparatively  compact  element. 

The  saving  in  bulk  may  not  be  important,  but  the  difficulty  of 
obtaining  birefringent  material  in  very  great  thicknesses  is. 

An  element  of  calcite,  for  instance,  must  be  about  eleven  times 
as  thick  as  a  path  difference  in  glass.  The  principal  disadvantage 
is  the  expense  of  construction  common  to  ?U  interferometers  of  the 
split  amplitude  class.  The  field  is  small  for  large  values  of  n, 
and  while  it  is  theoretically  quite  simple  tc  make  a  birefringent 
field  compensator,  it  is  impractical  because  the  thickness  of 
birefringent  material  required  nullifies  the  advantage  of 
compactness . 


cmotcrs  are  possible. 


Many  forms  of  polarizing  interior 
One  type  which  is  v/ell  adapted  for  the  construction  of  filters  is 
shown  at  a.  Figure  ?.  It  is  a  modified  solid  Mich el son  interfer¬ 
ometer  vrth  a  polarizing  beam  splitter.  It  consists  of  two  glass 


prisms,  A  and  F,  with  a  very  thin  slip, 


of  sodium  ,  1  trace  (or 


other  highly  birefringent  material)  cemented  between  them  with 
its  optic  axis  normal  to  the  surface.  If  'he  angles  are  properly 
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a)  One  form  of  polarizing  interferometer. 

b)  High  resolution  filter  composed  of  polarizing 
interferometers  and  birefringent  elements. 


chosen,  the  b-layer  totally  reflects  the  light  vibrating  in 
the  plane  of  the  drawing  and  transmits  the  light  vibrating 
at  right  angles  to  it.  A  spacer  element,  C,  introduces  a 
path  difference.  Surfaces  S  and  T  are  silvered  or  aluminized. 
Light  which  enters  in  the  direction  OS,  emerges  in  the  reverse 
dirvctdon,  SO,  in  taro  components  polarized  at  right  angles, 
with  a  phase  difference  given  by: 


2  7T  tx  •  k  d  cos  0* 


(7.1) 


where jul  is  the  refractive  index  and  &  is  the  angle  of  incidence 
on  S  and  T.  The  prism  P  (constructed  like  A,B)  has  the  double 
function  of  polarizing  entering  light  and  separating  out  the 
desired  part  of  the  emerging  light.  It  is  shown  in  an  incorrect 
orientation  for  simplicity  in  drawing.  Actually  prism  P  is  ro¬ 
tated  about  the  OS  direction,  to  bring  its  axis  to  an  angle  of 
1*5°  to  that  of  prism  AB.  The  transmission  of  the  whole  assembly 
for  light  emerging  in  the  R  direction  is  then 

r  -  sin2  if  n.  (7.2) 


The  remainder  of  the  light  emerges  along  SO. 

The  most  serious  difficulty  in  the  construction 
of  such  an  interferometer  is  the  optical  working  and  cementing 
of  the  b-layer  to  the  required  accuracy.  The  orientation  of 
the  S  and  T  surfaces  with  respect  to  each  other  is  not  so 
critical,  since  a  slight  misalignment  can  be  compensated  by  a 
thin  wedge  of  birefrlngent  material  between  prism  P  and  the 
Interferometer* 


One  method  of  using  polarizing  interferometers 
combined  with  birefrlngent  elements  in  a  filter  is  shewn 
schematically  at  b.  Figure  7.  Between  each  polarizer,  P,  and 
the  following  interferometer,  I,  is  a  b-element,  which 
constitutes  the  m  (for  entering  lipht)  and  q  (for  emerging 
light)  components  of  a  split  element.  The  interferometer  then 
takes  the  place  of  the  p  component.  Between  successive  polarizers 
are  purely  birefrlngent  split  element  units.  The  assembly  includes 
h  interferometers,  h  polarizing  prisms  and  10  b- elements.  The 
interferometers  and  b-el events  should  be  equipped  with  phase 
shifters  (not  shown).  As  an  example,  the  interferometers  might 
have  retardations  of  2li5>760;  122,800}  6l,i4jO;  30,720;  and  the 
b-elemente,  retardations  from  15360*5  to  30.5  at  A  »  5000 
angstroms.  The  system  would  transmit  bands  of  about  0.01 
angstrom  effective  width,  spaced  about  150  angstroms  apart. 

By  adjusting  the  phase  shifters  a  selected  band  could  \  e  made 
to  scan  the  spectrum. 

If  the  light  transmitted  by  the  filter  is  re¬ 
ceived  on  a  photoelectric  cell,  its  output  gives  a  high 
resolution  spec trophotcce trie  curve  of  the  entering  light. 
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* 


Such  a  filter  would  be  preferable  to  3  grating  spectre-grain 
.'or  spec tropho tasaa trie  purposes,  because ,  in  -spite  cf  itc 
83all  field  (mxiziiM  usable  0  about  0*03X2  radian),  it 
be  designed  to  transmit  sose thing  like  1000  tines  as  such 
light  —  a  natter  of  considerable  importance  rhen  such  sh*~y 
bands  are  used,  even  ic  solar  studies. 
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